We investigate the growth of matter fluctuations in holographic dark energy cosmologies. First we use an overall statistical analysis involving the latest observational data in order to place constraints on the cosmological parameters. Then we test the range of validity of the holographic dark energy models at the perturbation level and its variants from the concordance Λ cosmology. Specifically, we provide a new analytical approach in order to derive, for the first time, the growth index of matter perturbations. Considering a homogeneous holographic dark energy we find that the growth index is γ ≈ 4 7 which is somewhat larger (∼ 4.8%) than that of the usual Λ cosmology, γ (Λ) ≈ 6 11 . Finally, if we allow clustering in the holographic dark energy models then the asymptotic value of the growth index is given in terms of the effective sound speed c 
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I. INTRODUCTION
The current accelerated expansion of the Universe [1-4] can be well explained either by introducing the so called dark energy (hereafter DE), namely an exotic cosmic fluid with a negative pressure, or by modifying the standard theory of gravity on extragalactic scales. Based on the Planck results [5] it has been found that that DE amounts to ∼ 69% while the matter component (cold dark matter+baryons) corresponds to ∼ 31% of the current total energy budget, respectively.
In this framework, a large family of cosmological models have been proposed in order to explain the origin of the cosmic acceleration (for a comprehensive review see [6] ). The simplest DE candidate is the well known cosmological constant for which the equation of state (hereafter EoS) parameter is strictly equal to -1 and thus the DE is connected with the energy of vacuum. Although the concordance Λ cosmology is consistent with the available observational data it has two weak points: the fine-tuning and the cosmic coincidence [6] [7] [8] [9] [10] [11] . Alternatively, in the last two decades, a wealth of dynamical DE models with a time-varying EoS have been studied in the literature [6, 12, 13] in order to circumvent the above cosmological puzzles. However, the majority of DE models are based on purely phenomenological arguments.
In this work we focus on the holographic dark energy (HDE) scenario which has a strong theoretical motivation. Indeed the HDE model originates from the fundamental holographic principle in quantum gravity theory [14] . In particular, according to the holographic principle, the number of degrees of freedom for a finite-size system is finite and bounded by the area of its boundary [15] . Therefore, applying the holographic principle in * Mehrabi@basu.ac.ir † svasil@academyofathens.gr ‡ malekjani@basu.ac.ir cosmology, namely considering the future event horizon for IR cut-off one can show that the energy density of DE is given by (see Refs. [16] [17] [18] [19] [20] [21] [22] )
where s is a constant, M 2 P l = 1/8πG is the reduced Plank mass and the coefficient 3 is just for convenience. Notice, that the event horizon is written as
where a(t) is the scale factor of the universe, H(a) =ȧ a is the Hubble parameter and t is the cosmic time. Interestingly, it has been found that the HDE cosmological pattern provides the current cosmic acceleration and it is in agreement with the observational data [23] [24] [25] [26] [27] [28] [29] [30] [31] [32] [33] [34] [35] [36] [37] . Moreover, in this scenario the coincidence as well as the fine-tuning problems are successfully alleviated [22] . However, in addition to the background evolution, the formation of large scale structures provides valuable information about the nature of DE [38] . Indeed, matter perturbations can grow via the gravitational instability during the different epochs of the cosmic history. In fact, DE component not only accelerates the expansion of the Universe but also it affects the growth rate of matter perturbations [39] . It becomes clear that the latter opens a new avenue towards understanding the mechanism of structure formation in the DE regime.
From the observational viewpoint, it is worthwhile to set up a more general formalism in which the background data (SnIa, BAOs, CMB shift parameter etc) are jointed to the growth data (Ref. [40] and references therein) in order to place constraints on the DE models. Concerning the HDE models such a joint analysis has given s = 0.750 [41] , where σ 8 is the variance of matter perturbations within the sphere of R = 8h −1 Mpc at present time. It is worth mentioning that the author of [41] has treated the holographic DE as homogeneous.
Generally speaking, in the case of dynamical DE models, one can consider fluctuations in both time and space in a similar fashion to matter [42] [43] [44] [45] . Potentially, since the energy density of HDE is defined according to event horizon IR cut-off, one may consider that the origin of the HDE perturbations is due to the fluctuations of the future event horizon [46] . In this case, it has been shown that the HDE adiabatic sound speed is positive and therefore the corresponding perturbations are stable (see [46] ). As a matter of fact, the key parameter in order to describe the clustering of DE is the so called effective sound speed c 2 eff = δp d /δρ d . Usually, in the literature one can find the following two cases: (i) homogeneous DE with c 2 eff = 1 (in units of the speed of light) and (ii) inhomogeneous DE with c 2 eff = 0. In the former case the sound horizon is equal or larger than the Hubble horizon which means that DE perturbations are taking place only at very large scales. On the other hand, in case (ii), the sound horizon is much smaller than the Hubble radius and thus DE perturbations can grow within the framework of gravitational instability in a similar manner to matter perturbations [47] [48] [49] [50] . The scenario of DE clustering has been widely investigated in the literature [44, [51] [52] [53] [54] [55] [56] [57] [58] [59] [60] [61] . Although it is difficult to directly measure the amount of DE clustering, there are some indications that the homogeneous DE has some problems towards reproducing the observed concentration parameter of the massive galaxy clusters [62] . In the context of the spherical collapse model, it has been shown that inhomogeneous DE models fit better the growth data than the homogeneous DE scenarios [45, 63, 64] Following the above lines, in this work we provide a comprehensive investigation of the HDE cosmological model at the background and perturbation levels respectively. The paper is organized as follows: in section (II) we first present the main ingredients of the HDE cosmologies. Then we study the growth matter perturbations in clustered HDE models and we discuss the variants from the homogeneous case. In section (III), we implement a joint likelihood analysis involving the latest cosmological data including those of growth in order to put constraints on the corresponding cosmological parameters. The growth index of the HDE models is determined for the first time in section IV. Finally we summarize our results in section (V).
II. GROWTH OF PERTURBATIONS IN HDE COSMOLOGIES
Initially, we provide a brief discussion of the HDE cosmological model in the framework of FreidmannRobertson-Walker (FRW) metric and then we derive the basic differential equations which guide the evolution of matter (with P m = 0) and DE perturbations. Phenomenologically, HDE can be treated as an effective dark energy fluid which means that one can use the continuity equation [see Eq.(6) with
is widely used in this kind of studies (see for example [65] and references therein).
A. HDE model
In the context of the flat FRW metric, the dynamics of the Universe containing pressure-less matter, radiation and DE fluids is given by
where H is the Hubble parameter, ρ m , ρ r and ρ d are the matter, radiation [66] and DE energy densities, respectively. Considering that interactions do not take place among the cosmic fluid components one may write the following continuity equationṡ 
where 
2 , we can obtain the evolution of Ω d in HDE models as follows
where the prime is the derivative with respect to scale factor a. In terms of cosmic redshift z = 1/a − 1, Eq. (8) can be written as
Using the Freidmann equation (3) and the continuity equations (4, 5), we can easily derive the evolution of the dimensionless Hubble parameter, E(z) = H(z)/H 0 (where H 0 is the Hubble constant), as follows:
Obviously, equations (7), (9) and (10) Since the Hubble expansion affects the growth of matter perturbations it is important to understand the behavior of the Hubble parameter in HDE cosmologies. In this context, we can appreciate in the middle panel of Fig. (1) the relative difference ∆E(z) of the normalized Hubble parameters E HDE (a) with respect to the ΛCDM solution E ΛCDM (z)
For the quintessence HDE models (s = 1 and s = 1.2), we observe that the quantity ∆E(z) is positive for all redshifts which means that the corresponding cosmic expansion is larger than that of the concordance ΛCDM model. There is a visible deviation from the latter around the epoch z ∼ 0.7. This deviation becomes at the level of ∼ +5% and ∼ +8% for s = 1 and s = 1.2 respectively. On the other hand, in the case of phantom HDE models (w d < −1) we have a mixed situation. Specifically, using s = 0.6 we can see that at z ∼ 0.7 the relative difference becomes at the level of ∼ −3.5%, while at high enough redshifts z ≫ 1 we find that E HDE (z) deviates form E ΛCDM (z) only by ∼ +1%. For s = 0.8 the maximum relative difference is ∼ +2.5% at z ∼ 1, while prior to the present epoch since w d0 ∼ −1 we have
Lastly, in the bottom panel of Fig. (1) we plot Ω d as a function of redshift. For the majority of the HDE models we find Ω d (z) > Ω Λ (z). In the case of s = 0.6 the amount of DE is a bit higher (lower) than that of ΛCDM model at high (low) redshifts.
B. growth of perturbations in HDE models
Here we briefly discuss the main properties of the linear perturbation theory within the framework of HDE cosmologies. Following the general approach of [43] the basic equations that describe the evolution of matter and DE perturbations are given bẏ
where c 2 eff is the effective sound speed. It is well known that at sub-horizon scales one can extract the scale k from the above equations by utilizing the Poisson equation (see [40] and references therein)
The amount of DE clustering depends on the magnitude of its effective sound speed c 2 eff and for c 2 eff = 0 DE clusters in a similar manner to dark matter. However, due to the presence of the DE pressure one may expect that the amplitude of the DE perturbations is relatively low with respect to that of dark matter. Notice, that bellow we set c 2 eff = 0. In the current work we treat DE as a perfect fluid [67] which implies that the effective sound speed coincides with the adiabatic sound speed
where prime denotes derivative with respect to the scale factor, w
. Now eliminating θ from the system of equations (12, 13, 14 and 15) and using
da we obtain after some calculations the following second order differential equations which describe the evolution of matter and DE perturbations respectively:
where the coefficients are
We would like to stress that Eqs. (18) and ( 19) are both valid in post-Newtonian and General Relativity (GR) formalisms respectively [40] . In order to measure the evolution of DE and matter fluctuations we numerically integrate the aforementioned equations from a = 0.001 till the present time a = 1 (z = 0). Regarding the initial conditions the situations is as follows. We use the conditions of [44] :
where we set δ mi = 1.5 × 10 −4 which guarantees that matter perturbations are in the linear regime (δ m0 ≪ 1). Here we focus on the following scenarios: (i) the holographic DE remains homogeneous (δ d = 0) and only the corresponding matter component clusters (non-clustering holographic dark energy hereafter NCHDE) and (ii) clustered HDE assuming that the whole system fully clusters (matter and HDE), namely c 2 eff = 0 (full clustering holographic dark energy: FCHDE).
In figure (2) we show the relative deviation of the HDE matter fluctuations (at the current epoch) with respect to those of ΛCDM as a function of s
Notice, that the vertical line at s = 0.83 separates the phantom from the quintessence region [see discussion after Eq. (7)]. First we observe that ∆δ m is a decreasing function of s and it lies in the interval (−20%, 20%). These differences imply that the deviations of the HDE matter fluctuations depend on the initial assumptions and limitations imposed in the general system of equations (12), (13) and (21) 
In figure (3) we plot the quantity ∆f (%) at the present epoch as a function of s. Obviously, for the FCHDE model the growth rate of matter perturbations is always larger than ΛCDM. As an example, prior to the phantom line (s ∼ 0.83) we find a ∼ 4% difference. In the case of NCHDE model we see that ∆f (%) becomes positive (or negative) for s < 0.75 (or s > 0.75) and the relative difference is ∼ 0.4% at s ∼ 0.83. Finally, in figure (4) we plot δ d0 versus s and we observe that the current DE perturbations increase, due to the term 1 + w d in equation (19) , as a function of s. To this end, close to s ≃ 0.83 we find that δ d0 ≃ 0.008.
III. HOLOGRAPHIC MODELS VERSUS DATA
In this section we attempt to compare the HDE models against the latest observational data. Specifically, we perform an overall statistical analysis using the geometri- cal data (SnIa [68] , BAO [69] [70] [71] [72] ,CMB [73] , Big Bang Nucleosynthesis [74, 75] , H(z) data [76] [77] [78] [79] ) and the growth data as gathered by [40] . We would like to point that the geometrical data, the growth data, the covariances, the joint χ 2 tot (p) function including that of the Akaike information criterion [80] and the MCMC algorithm are presented in [40] . The above statistical vector contains the corresponding cosmological parameters, namely p = {Ω DM , Ω b , h, s, σ 8 }, where Ω DM and Ω b are the dimensionless energy densities of pressure-less dark matter and baryons, respectively and σ 8 is the variance of matter perturbations within the sphere of R = 8h −1 Mpc at present time. We would like to mention that the total Ω m (a) is written as
The observational constraints are summarized in Table I and II, where for the former case we utilize only the geometrical data while for the latter case we have included the growth data in the overall likelihood analysis. Specifically, we find the following.
In the case of the geometrical data,
• for the HDE model: χ • for the ΛCDM model, χ 2 min = 588.9, n fit = 3 and AIC Λ =594.9.
In the case of geometrical and growth rate data,
• for the NCHDE model, χ • for the ΛCDM model, χ 2 min = 595.9, n fit = 4 and AIC Λ =603.9
The above results show that in all possible cases ∆AIC = |AIC − AIC Λ | ≤ 2 which implies that the observational data are consistent with the current cosmological models (for a relevant discussion see Ref. [40] ). Also in figure (5) we present the 1σ and 2σ combined likelihood contours for the explored holographic DE models (FCHDE: green region and NCHDE: violet region). We observe that both HDE models (FCHDE and NCHDE) provide the same statistical results within 1σ uncertainties.
To this end, using the aforesaid cosmological parameters in figure (6) we compare the observed (open boxes) with the theoretical evolution of the growth rate f σ 8 (z). Notice, that f (z) is the rate of the growing mode (see next section), σ 8 (z) = σ 8 D(z) and D(z) is the growth factor normalized to unity at the present time. As is expected from the AIC analysis the current DE models Table III ).
provide almost the same growth rate predictions.
IV. THE GROWTH INDEX IN HOLOGRAPHIC COSMOLOGY
Let us focus now on the analysis of the growth index of matter perturbations γ. It is well known that the growth rate of clustering is given in terms γ and Ω m (a) (see Refs. [39, [93] [94] [95] [96] [97] [98] [99] )
Basically, for a given cosmological model the growth index of matter fluctuations provides a characteristic identity at the perturbation level. As an example, within the context of GR it has been shown that the asymptotic value of the growth index is γ ∞ = 3(w−1) 6w−5 , where in this case the dark energy EoS parameter is constant [93, 94, [96] [97] [98] . Of course, for the usual ΛCDM model (w = −1) the above formula boils down to γ (Λ) ∞ = 6/11. Notice, that for some specific types of modified gravity models we refer the reader to [96, 97, [100] [101] [102] [103] [104] [105] .
Now following the methodology of Abramo et al. [42, 43] we write the following equation
Changing the variables from t to a (
whereḢ
and Ω d (a) = 1 − Ω m (a). Of course, for c Furthermore, based on the above and utilizing the first equality of Eq. (26) it is easy to prove that
or It has been proposed that an approximated solution of Eq. (31) is written as a first order Taylor expansion around the present epoch a(z) = 1 (see Refs. [106] , [107] , [108] , [109] [110] [111] [112] )
where a(z) = 1/(1 + z). Furthermore, evaluating Eq. (31) for z = 0 and with the aid of Eq. (33) we can write the coefficient γ 1 as a function of (Ω m0 , γ 0 , w d0 , µ 0 ) (see also Ref. [113] )
where µ 0 = µ(z = 0) and w d0 = w d (z = 0). In order to obtain the evolution of the growth index (33) we need to know the value of γ 0 . It is easy to check from Eq.(33) that γ ∞ ≃ γ 0 + γ 1 at large redshift z ≫ 1 and thus γ 0 ≃ γ ∞ − γ 1 . Therefore, it is important to calculate the asymptotic value of the growth index from first principles.
Fortunately, Steigerwald et al. [61] developed a general mathematical approach which provides γ ∞ analytically [see Eq. (8) in [61] and the discussion in [114] ] for a large family of DE models. In particular, based on Steigerwald et al. [61] one can use
where the following quantities have been defined:
and 
where we have used w ∞ ≡ w d (a) ω=0 . If we substitute the above coefficients into Eq.(35) then the asymptotic growth index is given by As expected, we recover the standard ΛCDM value γ (Λ) ∞ = 6/11 for w ∞ = −1. In the case of holographic cosmology, namely w ∞ = −1/3 we find γ (NCHDE) ∞ = 4/7 which is somewhat larger (∼ 4.8%) than that of the concordance Λ cosmology.
Knowing the value of γ ∞ , inserting the expression γ 0 ≃ γ ∞ − γ 1 into Eq.(34) and using the best fit values of the cosmological parameters (see Table II ) we find (γ 0 , γ 1 ) (NCHDE) ≃ (0.562, 0.09). In the case of the ΛCDM we obtain (γ 0 , γ 1 ) ≃ (0.557, −0.012). In the upper panel of figure 5 we plot the growth index evolution (33) for the NCHDE (solid curve) and ΛCDM models (thin dotted curve) respectively. We observe that the growth index evolution of the NCHDE model is somewhat larger than the ΛCDM cosmological model. Specifically, we find that the corresponding relative deviations (see bottom panel of Fig.5 
B. Clustered HDE: CHDE model
Now we concentrate on the clustered holographic DE in which the quantity µ(a) is given by the second branch of Eq. (32) . First of all we need to define the functional form of ∆ d . Based on Eqs. (7) and (22) we can write
where e ω = Ω m (a) = 1 − Ω d (a). Under the latter conditions µ(ω) is written as
Therefore, from Eqs. (36) and (37) it is easy to show that
and for w ∞ = −1/3 we get via Eq.(35)
Obviously, if we set c 
V. CONCLUSION
In this work we investigated the performance of the holographic dark energy (HDE) model which is originated from the holographic principle in quantum gravity theory [14] . First we studied the growth of matter perturbations in clustered HDE models and discussed the differences from the homogeneous case. Second we performed a joint likelihood analysis using the latest observational data in order to place tight constraints on the cosmological parameters. Lastly, we provided (for the first time) the growth index of matter perturbations for the homogeneous and inhomogeneous HDE models. Specifically, the main results of the current work are summarized as follows:
(i) We find that for s < 0.6 the amplitude of matter perturbations δ m of both clustered and homogeneous HDE models are larger than those of the concordance Λ cosmology, while the opposite holds for s > 0.6. Notice, that s is a constant which is related with the holographic DE density [see Eq. 1 ]. Moreover, the relative deviation between clustered and homogeneous HDE cosmologies remains small in the case of phantom HDE, while there are differences in the case of quintessence HDE models (see Fig. 2 ). As far as the growth rate of clustering, f (a), is concerned we find that for the clustered HDE models f (a) is always larger than that of the concordance ΛCDM model. In the case of homogeneous HDE models the growth rate of clustering depends on the value of s, namely f (a) > f Λ (a) for s < 0.7 (the opposite holds for s > 0.7: see Fig. 3 ).
(ii) The overall likelihood analysis showed that both clustered and homogeneous HDE models provide the same cosmological parameters within 1σ uncertainties. In this context based on the AIC analysis we found that the HDE models are consistent with the observational data.
(iii) Finally, we focused our analysis on the growth index of matter fluctuations. Assuming that the holographic dark energy is homogeneous then the asymptotic value of the growth index of matter perturbations is given by γ ≈ 4/7 which differs by ∼ 4.8% from that of ΛCDM, γ (Λ) ≈ 6/11. The situation is different in the case of inhomogeneous holographic dark energy. Within this framework, we investigated the growth index and we verified that it is strongly affected by the dark energy perturbations. In particular, we found γ ≈ 3(1−c 2 eff )/7, where c 2 eff is the effective sound speed. Finally, assuming that the dark energy is allowed to cluster in a similar fashion to dark matter (c 2 eff = 0) we find that the asymptotic value of the growth index (γ ≈ 3/7) is strongly affected by the DE perturbations. Such an effect can be used, especially in the light of the next generation of surveys [115] , in order to test whether the DE perturbations appear in the observed universe. In other words, if one is able to show that the observed growth index is close to ∼ 3/7 then this is a hint that holographic DE perturbations exist in nature.
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